By considering the realization of the emergent universe scenario in Eddington-inspired Born-Infeld (EiBI) theory, we study the stability of the Einstein static universe filled with perfect fluid in EiBI theory against both the homogeneous and inhomogeneous scalar perturbations in this work. We find that in both the spatially flat and closed cases, the emergent universe scenario is no longer viable, since the Einstein static universe cannot be stable against both the homogeneous and inhomogeneous scalar perturbations simultaneously. However, the emergent universe scenario survives in the spatially open case, while the Einstein static universe can be stable under some conditions.
I. INTRODUCTION
An intriguing gravitational theory of connection developed by Eddington [1] in 1924 has drawn a lot of attention. The characteristic of Eddington's theory that the fundamental field is the affine connection at least in free de Sitter space gives a new perspective on gravity. However, this theory is incomplete since it does not consider matter. Recently, Bañados and Ferreira [2] proposed a new theory called Eddingtoninspired Born-Infeld (EiBI) theory by coupling Eddington's theory to matter. They allow the metric to be written as a Born-Infeld-like structure [3] and treat the metric and connection as independent fields rather than insisting on the purely affine action. EiBI theory is equivalent to general relativity (GR) in vacuum. However, it has many new intriguing properties when the matter fields are included.
In past years, EiBI theory had been extensively studied in cosmology [4] [5] [6] [7] [8] [9] [10] [11] [12] , black holes [13] [14] [15] , astrophysics [16] [17] [18] and some related subjects (e.g. [19] [20] [21] [22] ). We refer to e.g. [2] and references therein for comprehensive introduction of EiBI theory. Here we focus on one of the most attractive properties of EiBI theory, namely the big bang singularity in homogeneous and isotropic universe can be avoided reasonably. As is shown in [2] , there are two ways to avoid the big bang singularity by assuming radiation domination in EiBI theory. One way is that there exists a bounce of the cosmological scale factor in the case of the extra EiBI parameter κ < 0. It is in fact a realization of the bouncing cosmology to avoid the big bang singularity, and it was further studied in e.g [5] later. The other way is that the cosmological scale factor stayed at a minimum size for a long time before inflation in the case of κ > 0. It can be regarded as the emergent universe scenario [23, 24] which can also avoid the big bang singularity.
The emergent universe scenario [23, 24] assumes that the Einstein static universe is the initial state for a past-eternal inflationary cosmological model and then evolves to an inflationary era. In this scenario, there are many attractive advantages. For instance, the horizon problem can be solved before inflation begins. In addition, there is no singularity, no exotic physics is involved, and the quantum gravity regime can even be avoided. Furthermore, it has been proposed that the Einstein static state is favored by entropy considerations as the initial state for our universe [25] [26] [27] .
As is well known, the Einstein static universe is the first cosmological model developed by Einstein [28] in 1917, in which the universe is homogeneous, isotropic, and spatially closed. By adding a positive cosmological constant to Einstein's equations of GR to counteract the attractive effects of gravity on ordinary matter, the universe can be neither expanding nor contracting. However, it was demonstrated by Eddington [29] in 1930 that the Einstein static universe is unstable with respect to homogeneous and isotropic scalar perturbations in GR. In other words, the universe cannot be static, since it must contract or expand in the presence of perturbations. On the other hand, it was also found by Hubble [30] in 1929 that the universe is expanding rather than static, by examining the relation between distance and redshift of galaxies. So, due to Eddington's instability argument and Hubble's astronomical finding, Einstein gave up the idea of static universe (as well as cosmological constant). One can clearly see that the stability analysis played an important role in history.
Recently, the Einstein static universe has been revived to avoid the big bang singularity in the emergent universe scenario. Due to the above historical lesson, the analysis of stability of the Einstein static universe should be thought over. So far, the stability of the Einstein static universe has been studied in vast gravity theories. In GR, this was reconsidered, and it was found that the Einstein static universe can be stable against small inhomogeneous vector and tensor perturbations as well as adiabatic scalar density perturbations if the universe contains a perfect fluid with w = c 2 s > 1/5 [25, 26, 31] . Of course, the stability of the Einstein static universe has also been extensively studied in many modified gravities, for example, loop quantum cosmology [32] , f (R) theory [33] [34] [35] , f (T ) theory [36, 37] , modified Gauss-Bonnet gravity [38, 39] , Brans-Dicke theory [40] [41] [42] [43] , Horava-Lifshitz theory [44] [45] [46] , massive gravity [47, 48] , braneworld scenario [49] [50] [51] , Einstein-Cartan theory [52] , f (R, T ) gravity [53] , hybrid metric-Palatini gravity [54] and so on [55] [56] [57] [58] [59] [60] [61] [62] . We refer to e.g. [31] and references therein for more theoretical details of the stability analysis of the Einstein static universe.
Note that it is necessary to consider both the homogeneous and inhomogeneous scalar perturbations in the stability analysis of the Einstein static universe. Although the Einstein static universe is stable against only homogeneous perturbation or only inhomogeneous perturbation in some modified gravities, for instance f (R) theory [33] [34] [35] , it can still be unstable by considering both the homogeneous and inhomogeneous scalar perturbations simultaneously, if the stability conditions for homogeneous and inhomogeneous scalar perturbations do not overlap. Since the Einstein static universe can exist in EiBI theory as one of the ways to avoid the big bang singularity [2] , it is natural to ask " is Einstein static universe stable for perturbations in EiBI theory? " If the corresponding Einstein static universe is unstable, this way to avoid the big bang singularity is not viable in EiBI theory. So, the stability analysis of the Einstein static universe in EiBI theory is interesting. To our best knowledge, this has not been discussed in the literature.
The main aim of the present work is studying the stability of the Einstein static universe filled with perfect fluid in EiBI theory, against both the homogeneous and inhomogeneous scalar perturbations. The rest of this paper is organized as follow. In Sec. II, we give a brief review of EiBI theory and its equations of motion. In Sec. III, we obtain the exact Einstein static universe solution in the context of EiBI theory with perfect fluid. In Sec. IV, we give the linearized equations of motion and discuss the stability against homogeneous and inhomogeneous scalar perturbations for spatially closed and open universe, respectively. Finally, we conclude this paper in Sec. V.
II. EIBI THEORY
Following e.g. [2] , here we briefly review EiBI theory. The action of EiBI theory is given by
where S m is the action of matters, g represents the determinant of g µν , R µν (Γ) denotes the symmetric part of the Ricci tensor built with affine connection Γ, λ is a dimensionless constant. Note that we set 8πG = 1 throughout this work. λ is taken to be λ = κΛ + 1 (where κ is a constant with inverse dimension to that of cosmological constant Λ), so the theory can recover to GR. Actually, in the limit of κR ≪ g with S m = 0, EiBI theory reduces to GR. On the other hand, in the limit of κR ≫ g with S m = 0, it reduces to Eddington's theory. It is worth noting that the metric and affine connection are independent in EiBI theory. By varying g µν and Γ ρ µν respectively, the equations of motion are given by
where the energy-momentum tensor
,∇ is the covariant derivative defined in terms of affine connection Γ ρ µν , and q µν = g µν + κR µν (Γ) is an auxiliary metric. Note that the indices are raised and lowered by metric g µν and g µν unless otherwise stated. q and q µν denote the determinant and inverse of q µν respectively, satisfying
where δ µ ν is the Kronecker symbol. Note that we use the Einstein notation throughout this work. Eq. (3) is automatically satisfied if the affine connection Γ ρ µν is compatible with the auxiliary metric q µν ,
where the comma represents partial derivative. So, the auxiliary metric q µν can be rewritten by
By multiplying q µν , the trace of Eq. (5) is given by
We refer to e.g. [2, 68, 69] and references therein for more details of EiBI theory.
where ρ 0 and P 0 represent energy density and pressure respectively, w is the constant equation-of-state parameter, and velocity 4-vector u µ is given by
Substituting Eqs. (8) - (11) into (2) and (5), we obtain
Note that a 2 0 + 2Kκ > 0 is required. The first-order Taylor series expansion of ρ 0 and Λ around κ = 0 are given by
where the zeroth-order values are the same as the ones in GR [31, 33] . Eq. (12) is the necessary and sufficient condition of the existence of the Einstein static universe in EiBI theory. For given values of κ, ρ 0 , Λ, w and K, we can determine the value of a 0 from Eq. (12) . In the case of K = 0 and ρ 0 = 0, Eq. (12) cannot be satisfied, and it means that there is no flat Einstein static universe filled with perfect fluid in EiBI theory. So, we only discuss the closed (K = +1) and open (K = −1) Einstein static universe in the followings.
IV. STABILITY ANALYSIS A. Linearized EiBI theory
Now we study the stability of the Einstein static universe in EiBI theory. The background and perturbation components will be denoted by a bar and a tilde, respectively. At first, we try to obtain the linearized equations of motion. The perturbed metric can be written as
whereḡ µν is the background metric given by Eq. (8), and h µν is a small perturbation. Now the indices are lowered and raised by the background metric unless otherwise stated. By using the relation g µν g νλ = δ µ λ , the inverse metric is perturbed by
Following Eq. (14), the perturbed auxiliary metric q µν can also be written as
By using Eq. (4), the inverse auxiliary metric q µν is given by q µν =q µν + q µν =q µν −q µρqνσ q ρσ , and then we find
The perturbed determinants induced by the perturbation of the metric are given by
where h = h µνḡ µν , and then we have
The perturbation of Ricci tensor R µν (q) induced by the perturbation of the metric is given by
where∇ (q) is the covariant derivative which is compatible withq µν . The perturbation of Ricci scalar R(q) is given by
For perfect fluid, the perturbations of energy density and pressure are ρ and P = w ρ, respectively. The perturbations of the velocity are given by
where the indices " 0 " and " i, j " denote the time and space components, respectively. The perturbed energy-momentum tensor is given by
where u µ represents the background components and it is given by Eq. (11). Considering the above expressions, the linearized equations of Eqs. (2), (5) and (6) read
For our purpose, we consider scalar perturbations in the Newtonian gauge. h µ ν is given by
Note that Ψ, Φ, ρ and U are all functions of t, r, θ, φ. For scalar perturbations, it is useful to perform a harmonic decomposition [63] ,
In these expressions, summations over comoving wave number n are implied. The harmonic function Y n (r, θ, φ) satisfies [39, 63] ∆Y n (r, θ,
where ∆ is the Laplacian operator, and k is the separation constant. For the spatially closed universe corresponding to K = +1, we have k 2 = n(n + 2) [63] where the modes are discrete (n = 0, 1, 2 . . . ). For the spatially open universe corresponding to K = −1, we have k 2 = n 2 + 1 [63] where n ≥ 0. Formally, n = 0 gives a spatially homogeneous mode and n = 1, 2 . . . correspond to spatially inhomogeneous modes for both the closed and open universe [31, 39] .
Substituting Eqs. (27) and (28) into (24) - (26), after some algbra, we find
ξ n (t) = 2a
Ψ n (t) = 2a
where Φ n (t) satisfies a second order ordinary differential equation,
in which a prime represents a derivative with respect to time t, and
Substituting Eqs. (33) and (34) into (32), we find
where we have introducedκ ≡ κ/a 2 0 for simplicity. To analyze the stability of the Einstein static universe in EiBI theory, we need to discuss the existence condition of the oscillating solution of Eq. (33) . From Eq. (33), it is easy to see that the stability condition for the Einstein static universe is
Apart from this condition, the energy density of perfect fluid ρ 0 and the scale factor of the Einstein static universe a 0 should be real and positive,
In the following subsections, we discuss both the homogeneous and inhomogeneous perturbations for the closed (K = +1) and open (K = −1) Einstein static universes, respectively. Note that actually all the equations contain a 0 in the forms of a 2 0 > 0 or a 4 0 > 0, so the sign of a 0 does not affect the analysis. In the following, we do not mention the condition a 0 > 0 again.
In the case of K = +1, corresponding to the closed Einstein static universe, the stability needs Z = k 2 2w + 7κw +κ + 6κ 2 w − 2 (1 + 2κ) (3w + 1 + 6κw)
Clearly,κ > −1/2 and w > −1 are required by ρ 0 > 0. The homogeneous scalar perturbation corresponds to n = 0, namely k 2 = 0. The first inhomogeneous mode (n = 1) corresponds to a gauge degree of freedom related to a global rotation, which reflects the freedom to change the four-velocity of fundamental observers [31, 35, 39] . So, the physical inhomogeneous modes have n ≥ 2 and hence k 2 = n(n + 2) ≥ 8. Considering Eq. (38), the Einstein static universe could be stable in the following regions:
• Case 1: For −1/2 <κ ≤ −1/3, the stability requires
where
However, in this case, it is easy to see that the closed Einstein static universe cannot be stable against both the homogeneous (k 2 = 0) and inhomogeneous (k 2 ≥ 8) scalar perturbations simultaneously, since the stability conditions given in Eqs. (39) and (40) do not overlap.
• Case 2: For −1/3 <κ < 0, the stability requires
2.2) w > − 2 +κ 3κ (1 + 2κ) with
Unfortunately, in this case, we find that
always holds. So, there is no stable region for the closed Einstein static universe against both the homogeneous (k 2 = 0) and inhomogeneous (k 2 ≥ 8) scalar perturbations simultaneously, since the stability conditions given in Eqs. (42) or (43) do not overlap with the one given in Eq. (44).
• Case 3: For 0 ≤κ ≤ ( √ 13 − 1)/6, the stability requires
Whenκ = 0, EiBI theory reduces to GR, and one can see that the stability conditions (46) and (47) of the closed Einstein static universe in EiBI theory against the homogeneous (k 2 = 0) and inhomogeneous (k 2 ≥ 8) scalar perturbations reduce to −1 < w < −1/3 and w > 1/(k 2 − 3) respectively, which are the same as the ones in GR [31] .
In the general case of 0 ≤κ ≤ ( √ 13 − 1)/6, one can easily check that Eq. (45) is still satisfied, and hence the closed Einstein static universe cannot be stable against both the homogeneous (k 2 = 0) and inhomogeneous (k 2 ≥ 8) scalar perturbations simultaneously, since the stability conditions given in Eqs. (46) and (47) • Case 4: Forκ > ( √ 13 − 1)/6, the stability requires
Again, Eq. (45) is still satisfied in this case. So, there is no stable region for the closed Einstein static universe against both the homogeneous (k 2 = 0) and inhomogeneous (k 2 ≥ 8) scalar perturbations simultaneously, since the stability conditions given in Eqs. (49) or (50) do not overlap with the one given in Eq. (48) .
Alternatively, we can discuss the stability in general. Note that the quantity Z given in Eq. (38) is a function ofκ, w and k 2 . In Fig. 1 , we plot the stable regions with Z > 0 for the case of the spatially closed universe (we thank the referee for this suggestion). The closed Einstein static universe is stable against the homogeneous scalar perturbation in the region between the red dashed lines with k 2 = 0, while it is stable against the inhomogeneous scalar perturbation in the regions on the right-hand side of the black solid lines with various k 2 = n(n + 2) ≥ 8. From Fig. 1 , it is easy to see that these two stable regions for the homogeneous and inhomogeneous scalar perturbations do not overlap unfortunately.
In summary, for all the physical parametersκ > −1/2 and w > −1 (required by ρ 0 > 0, nb. Eq. (38)), the closed Einstein static universe cannot be stable against both the homogeneous and inhomogeneous scalar perturbations simultaneously. Thus, in the case of the spatially closed universe (K = +1), although the closed Einstein static universe solution can exist, but it is unstable unfortunately, and hence the emergent universe scenario is not viable in EiBI theory.
For the spatially open universe corresponding to K = −1, the stability conditions reduce to 
Case 6: w < 2 −κ 3κ (1 − 2κ) with − √ 13 − 1 6 <κ < 0 and k 2 ≥ 1 .
In case 6, we have w < w max = −1. The open Einstein static universe can be stable against both the homogeneous (k 2 = n 2 +1 = 1) and inhomogeneous (k 2 = n 2 +1 > 1) scalar perturbations simultaneously, under the conditions (52) or (53), which requireκ < 0 and phantom matter (w < −1) in common.
Similar to Sec. IV B, we can discuss the stability in general. The quantity Z given in Eq. (51) is a function ofκ, w and k 2 . In Fig. 2 , we plot the stable regions with Z > 0 for the case of the spatially open universe (we thank the referee for this suggestion). The open Einstein static universe is stable against the homogeneous (k 2 = 1) and inhomogeneous (k 2 = n 2 + 1 > 1) scalar perturbations in the regions on the left-hand side of the red dashed line and the black solid line, respectively. From Fig. 2 , it is easy to see that these two stable regions for the homogeneous and inhomogeneous scalar perturbations do overlap.
V. CONCLUSION AND DISCUSSION
By considering the realization of the emergent universe scenario in EiBI theory, we study the stability of the Einstein static universe filled with perfect fluid in EiBI theory against both the homogeneous and inhomogeneous scalar perturbations in this work. At first, we obtain the Einstein static universe solution. Then, we derive the linearized equations of motion. Finally, we discuss the stability of the Einstein static universe against both the homogeneous and inhomogeneous scalar perturbations in the spatially closed and open cases, respectively.
We find that there is no spatially flat Einstein static universe filled with perfect fluid in EiBI theory. So, the emergent universe scenario cannot be realized in the flat case. On the other hand, in the spatially closed case, we find that the Einstein static universe cannot be stable against both the homogeneous and inhomogeneous scalar perturbations simultaneously. In other words, the universe cannot be static, since it must contract or expand in the presence of perturbations. So, the emergent universe scenario cannot be viable in the closed case too. As mentioned in Sec. I, the big bang singularity could be avoided via the emergent universe scenario or the bouncing scenario in EiBI theory [2] . Our results show that in both the spatially flat and closed cases, the emergent universe scenario is no longer viable, but the bouncing scenario still survives so far. However, the emergent universe scenario in EiBI theory might be viable in the spatially open case. We find that the open Einstein static universe can be stable against both the homogeneous and inhomogeneous scalar perturbations simultaneously, while κ < 0 and w < −1 are necessary. As is well known, phantom matter with w < −1 violates all the energy conditions, and brings about some undesirable properties. For instance, the universe dominated by phantom will end in a big rip [64] in the far future. But this is not a problem to us, since in this work we only consider the very early era before inflation. On the other hand, as is also well known, phantom is unstable in the quantum level (see e.g. [65, 66] ). This might be troublesome in most cosmological models. Fortunately, this is also not a problem to us. Because the Einstein static universe is the initial state in the emergent universe scenario, and if the scale factor of the Einstein static universe a 0 is not so small, the quantum effects can be ignored. So, one can safely deal with phantom in the classical level.
In fact, the constant equation-of-state parameter of dark energy as a perfect fluid has been determined to be w = −1.006 ± 0.045 [67] by using the latest observational data of type Ia supernovae (SNIa) and cosmic microwave background (CMB). Thus, w < −1 is slightly favored by the cosmological observations. On the other hand, the spatial curvature was determined to be Ω K = 0.000 ± 0.005 [67] at 95% confidence level. This means that although a spatially flat universe (K = 0) is favored, a spatially open universe (K = −1) is still consistent with the observational data. So, our results can find slight support from the cosmological observations.
It is worth noting that in principle all types of perturbations should be taken into account when we study the stability of the Einstein static universe. In the present work, we have only considered the scalar perturbations. It is also important to study the stability against tensor and vector perturbations, and we leave this to future work.
